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Proof. We will prove by induction that the nth fibonacci number, fib(n) is equal

to
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Note that, according to the text in section 1.2.2, ¢ satisfies the equation ¢? =
¢+ 1. So it would seem that ¢ is a root of the polynomial 22 — 2 — 1. If we
apply the quadratic formula to this polynomial, we indeed obtain that
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So both ¢ and 1 are roots of this polynomial.
Now in order to prove this with induction, we must not only assume that

fib(n) = £=¥" but also that fib(n — 1) = £=%"" Can we legally do this?

where
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Let our predicate P(n) be:
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So it turns out that we can: we just let our predicate (indexed by n) depend
on fib(n) and fib(n + 1). Of course, we’ll have to show that two base cases are
satisfied, and we’ll have to prove both inductive cases as well.

Let’s prove the base case, P(1). First we show that fib(1) = e v
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Now we must also show that fib(1 — 1) = fib(0) is equal to ‘po\;g’/’o. But note
that
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So the base case is indeed satisfied.
Now for the inductive step. We will assume P(k) is true. That is, we assume

both that fib(k —1) = 79" ynd that fib(k) = 2" " From this, we must
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derive P(k +1)-that is, that fib(k) = £2" and that fib(k + 1) = £——2—
We have assumed the first part of this in the induction hypothesis, so it suffices
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to show the second part, that fib(k 4+ 1) = %

Let’s apply the definition of the fibonacci sequence. We have
fib(k 4+ 1) = fib(k) + fib(k — 1)
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and remember that both ¢ and 4 satisfy the equation x + 1 = 2. So we have
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which is what we were trying to prove!
Now, as for ‘P—\/g being the closest integer to fib(n), note that as n increases,
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Y™ decays exponentially: for |¢| = ’1_2—\/5‘ < 1. So intuitively, we will expect

that as n gets larger, )" approaches zero, so we have
n
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as n gets larger and larger.

But the question asks us to show something even stronger: that ‘\% is the
closest integer to fib(n) for all n > 0.

Now, we know that for every n, fib(n) is an integer. So to say that fib(n) is
the closest integer to
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Figure 1: The number ¢"/v/5 must fall within a distance of 1/2 of fib(n).

is to say that the distance between fib(n) and ‘\% is less than 1/2. Visualize
some number z on a number line, sitting between two integers. For fib(n) to be
the nearest integer to z, we need x to fall somewhere between fib(n) — 1/2 and
fib(n) + 1/2, as illustrated in Figure 1.

Now, mathematically, we express this by saying that the absolute value of
the difference between the two numbers is less than or equal to 1/2:
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But this is true if and only if
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or in other words,
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From here, we multiply both sides by /5 to show that the above is equivalent
to the statement that
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So all we have to do is prove that this last statement holds for all n > 0.

First, as we observed before, it is clear that [¢)| < 1. Consider the se-
quence obtained by raising || to integer powers. Clearly, each successive term
is smaller than the term that came before it, since each term chains on one
extra multiplication by a fractional value. In symbols:
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Now what is [4|°? It’s just the integer 1. But it is also clear that § > 1.
(Try using simple algebraic manipulation to convince yourself of this, or, at the
very least, use a calculator to verify the fact.) So v/5/2 dominates the entire
sequence of [|™:
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That is, v/5 /2 > 9" for all n > 0. Unwinding back through what we just did,
this is equivalent to having showed that fib(n) is the closest integer to ¢™//5.
The proof is complete. U



